Lattice Representations of the Virasoro Algebra I : Discrete Gaussian Free Field by Hongler, Clément et al.
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Let GFF be the Gibbs measure of the discrete Gaussian free eld on Z2,
pinned at 0. There exists a space M of changes of measure of GFF and explicit parity
preserving change of measure operators L : M ! M for n 2 Z such that (L ) 2 Z
yields a representation of the Virasoro algebra of central charge c = 1:
[L ; L ] = (m  n) L + +
c
12

m3  m

 + 0 Id:
Each operator L has a complex conjugate L and (L ) 2 Z and
L

2 Z yield two com-
muting representations of the Virasoro algebra with central charge c = 1.
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For k 2 Z, there exist natural discrete analogues
[@] : Z2 ! C, z[ ] : Z2 [ Z2 ! C, and

[ ] [@] (z)z
[ ]dz of the current @, the
monomial functions z 7! z , and the contour integrals

@(z)z dz, respectively, such
that the following holds: I f
J (z) := [@](z)
is the discrete current, then
z[0]  1 and hJ (z)(x)i =
1
2

z[1]  (z  x)[1]

for z 2 Z2 ; x 2 Z2. Moreover, we have
2i 

[ ]
hJ (w)J (z)i z[ ]dz = k w[ 1];
for all k 2 Z, w 2 Z2 , whenever [] is a suciently large closed simple positively oriented
discrete contour.
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For any (not necessari ly distinct) x1; : : : ; x 2 Z2 and every
n 2 Z the discrete current mode a acting on eld insertions by the contour integral
ha (x1) (x )i =
1p


[ ]
hJ (z) (x1) (x )i z[ ]dz
is independent of the choice of the contour [] provided that [] encircles a large enough
neighborhood of origin in the positive direction.
More general ly, the product of discrete current modes acting on eld insertions by
contour integrals

a j a 1 (x1) (x )

:=
1
 2

[ j ]


[ 1]
hJ (w ) J (w1)(x1) (x )i w
[ 1 ]
1 w
[ j ]dw1 dw
is independent on the choice of sequence of discrete contours [1]; [2]; : : : ; [ ] provided
the contours encircle suciently large neighborhoods of the origin and are radially or-
dered: for l < k the contour [] (corresponding to a l ) is contained in the set encircled
by the contour [ ] (corresponding to a k ).
Remark .

[ ] J (z) z
[ ]dz
[] (x1) (x )
[]

[ ] J (z) z
[ ]dz
[]
(a ) 2 Z
(a ) 2 Z M
a a
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(L ) 2 Z
For each n 2 Z, there exists a unique operator a :
M ! M such that for any  2 M and any (not necessari ly distinct) x1; : : : ; x 2 Z2
and any nite G  Z2 containing the points, we have
h(x1) (x )i  n = ha (x1) (x )i
:=
1p


[ ]
hJ (z) (x1) (x ) g()i z[ ]dz;
where g is the Radon-Nikodym derivative of 

G with respect to GFF

G, and [] is any
discrete contour that encircles a large enough neighborhood of the origin. The operator
a is parity reversing.
(a ) 2 Z
The operators (a ) 2 Z satisfy the commutation relations
[a ; a ] = m + 0 idM
L
f : RZ2 ! C
cylinder function
base
For each n 2 Z, in the formally innite sum
L :=
1
2
X
> 0
a  a +
1
2
X
0
a a  ;
only nitely many terms are non-zero when acting on an insertion of a cylinder function.
The action of L on insertions li fts to a well-dened parity preserving change of measure
operator L : M ! M .
The (L ) 2 Z yield a representation of the Virasoro algebra with central charge c = 1:
[L ; L ] = (m  n) L + +
1
12
(m3  m) + 0 idM :
Remark .
L 0 L
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(a ) 2 Z
discrete analytic sector
For n 2 Z, let a : M ! M be the
complex conjugate of the change of measure operator a . For all n; m 2 Z; we have
[a ; a ] = 0 and [a ; a ] = m + 0idM . Dening L as in Proposition 4.2 and L as
its complex conjugate, we have that (L ) 2 Z and
L

2 Z yield two commuting repre-
sentations of the Virasoro algebra with central charge c = 1:
[L ; L ] = (n  m) L + +
1
12
(m3  m) + idM
L ; L

= (n  m) L + +
1
12
(m3  m) + idM

L ; L

= 0:
Both representations consist of parity preserving change of measure operators.
c 6= 1
L ; L
Let c 6 1 and let b = 
q
1
12 . I f we dene the change
of measure operators L ; L : M ! M by L := L + b(n + 1)a , with L and a as
above, we have that

L

2 Z and
L

2 Z yield two commuting representations of the
Virasoro algebra with central charge c.
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[@f ] : Z2 ! C
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X
2f  12  i2 g
a f (z + a):
[@f ]
[@f ](z) =
X
2f  12  i2 g
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f (z + )  f (z);
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The transposes of the nite dierence operators @are @(the operator
CZ2m ! CZ2 has transpose CZ2 ! CZ2m and vice versa). In particular, i f f : Z2 ! C
and g: Z2 ! C are functions, at least one of which has nite support, then
X
2 Z2m
f (z) [@g](z) = 
X
2 Z2
[@f ](z) g(z):
Similarly, the transposes of @are  @.
(X ) 2 N
Gm: Z2 !
R m > 0 m2Gm  [Gm] = 0
m & 0 potential kernel a: Z2 ! R
a(z) = lim
m& 0
(Gm(0)  Gm(z)) :
[a](z) = 0(z)
a(z) =
2

log jzj +
2+ log8

+ O(jzj2)
z ! 1
Z2 = Z2 [ Z2 Z2
[@a]: Z2 ! C;
Z2
The function K = [@a] is the unique function K : Z2 ! C satisfying@K

(z) = 0(z) and K (z) ! 0 as jzj ! 1 . We call K the with
pole at 0.
Proof. K = [@a] [@K] = [@@a] = [a] = 0 K
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Z2 Z2 
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o
:
There exist unique functions z 7! z[ ], k 2 Z, dened for z 2 Z2 [ Z2
such that:
 The functions z 7! z[ ] for k 2 f 1; 0; 1g are given by
z[0]  1; z[1] = z
and
z[1] =
8
<
:
2K(z) for z 2 Z2
2
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2 f  12 
i
2 g
K(z  a) for z 2 Z2 :
 For all k 2 Z we have
[@z[ ]] = kz[ 1]:
 For k > 0 the function z 7! z[ ] is discrete holomorphic in the sense that
[@z[ ]]  0:
 For all k > 0 we have the vanishing at origin conditions
0[ ] = 0;

1
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[ ]
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2
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2
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+
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2
[ ]
= 0:
The functions z 7! z[ ] are cal led the Laurent monomials, and they have the following
further properties:
 For all k 2 Z and z 2 Z2[ Z2 we have z[ ] = z[ ].
 For all k 2 Z and z 2 Z2[ Z2 we have (iz)[ ] = i z[ ].
 For k > 0 the function z 7! z[ ] vanishes for z 2 B  ( 12 ).
 For k 6 1 the function z 7! z[ ] is discrete holomorphic outside a neighborhood
of the origin in the sense that [@z[ ]] = 0 for z =2 B  (
j j
2 ).
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2
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2
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[]
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int[]  Z2 Z2 Z2 14
[]

[ ]
f (z)g(z)dz;
Let f : Z2 ! C and g : Z2 ! C and [] a discrete contour. Then we have
[ ]
f (z)g(z)dz = i
X
2 int m [ ]
f (z) [@g](z) + i
X
2 int [ ]
[@f ](z) g(z):
Proof.
( 12Z +
1
4)
2
z 2 Z2 if (z) [@g](z)
z 2 Z2 i[@f ](z) g(z) 
Let m; n 2 Z, let r = maxf 0;  2 ;  2 g, and let [] be a discrete contour
that separates the neighborhood B  (r ) of the origin from innity. Then we have
1
2i

[ ]
z[ ] z[ ] dz =  + 1;
where z[ ] and z[ ] are discrete Laurent monomial functions restricted to Z2 and Z2,
respectively.
Proof.
1
i

[ ]
z[ ] z[ ] dz =
X
2 int m [ ]
z[ ] [@z[ ]] +
X
2 int [ ]
[@z[ ]] z[ ];
[] int [] int[]
[@z[ ]] [@z[ ]] m; n > 0
z[ ] z[ ]
n > 0; m 6 1
@> = @
X
2 int [ ]
[@z[ ]] z[ ] =
(1) 1
(m  1)!
X
2 int [ ]
[@@ 1z[1]] z[ ]
=
1
(m  1)!
X
[@z[1]] [@ 1z[ ]]
=
n!
(m  1)!(n + m + 1)!
X
[@z[1]] z[ + + 1];
z 2 Z2 z 2 Z2
m  1 [@z[1]]
20(z) 2
P
2 f  12 
i
2 g
 (z)
 + + 1 n 6 1; m > 0
m; n 6 1
n m
[@K](z)  (z)[ + + 1] = [@K](z)  z[ + + 1]
n m

Remark .
Gm
(m(z)) 2 Z2
hm(z) m(w)i = Gm(z  w):
m & 0
 m & 0 m  m(0)
a
h(z) (w)i = lim
m& 0
h(m(z)  m(0)) (m(w)  m(0))i
= a(z) + a(w)  a(z  w):
 Z2 0
current
J (z) = [@](z) (z 2 Z2 );
 Z2 = Z2 [ Z2 
Z2
h(z)(w)i = a(z) + a(w)  a(z  w)
K = [@a]
hJ (z)(x)i =
(
K(z)  K(z  x) x 2 Z2; z 2 Z2 ;
0 x 2 Z2; z 2 Z2
;
hJ (z)J (w)i = [@K](w  z):
 Z2 0
J = [@] [@K]
Suppose that (X ) 2 is a nite col lection of
centered Gaussian random variables. Then we have*
Y
2
X
+
=
X Y
f g2
hX X i ;
where the sum is over all pair partitions P of I , i .e. over collections P of j j2 mutual ly
disjoint two element subsets of I (the sum is empty if jI j is odd).
J (z)
(x)
D
J (z)J (w)(x1) (x )
E

J (z)J (w)
 Y
f g2

(x )(x )

P f 1; 2; : : : ; kg

J (z)(x )

J (w)(x )
 Y
f g2 0

(x )(x )

i 6= j P0 f 1; 2; : : : ; kg n f i ; j g :
G  Z2
 2 M n 2 Z a
f : RG ! C L (GFF

G) p > 1
D
a f (

G)
E
:=
1p


[ ]
D
J (z)f (

G)g(

G)
E
z[ ] dz
[] G[ B  (maxf 0;  2 g) 1 g = gG


G GFF

G
D
a j a 1 f (

G)
E
:=
1
 2

[ j ]


[ 1]
D
J (w ) J (w1)f (

G)g(

G)
E
w[ 1]1 w
[ j ]dw1 dw ;
[1] w1
G[ B  (maxf 0;  12 g) 1 k = 2; 3; : : : ; j [ ]
w int [ 1] [ int [ 1] [ B  (maxf 0;  k2 g) 1
ha f (jG)i

a j a 1 f (jG)

Suppose that G  Z2 is nite and that f : RG ! C is in L (GFF

G) for
some p > 1. Then,

[ j ]


[ 1]
D
J (w ) J (w1)f (

G)
E
w[ 1]1 w
[ j ]dw1 dw ;
is independent of the sequence of contours [1]; [2]; : : : ; [ ], provided the contours are
radially ordered as above.
Proof. G 6= ;
 GFF  G
 G
h: Z2 n G ! C
@(Z2 nG) 

G
f (

G)  G
D
J (z)f (

G)
E
=
D
[@h](z)f (

G)
E
; z 2 Z2 :
[0]
G[ B  (maxf 0;  2 g)
[]
 
[ 0]


[ ]
! D
J (z)f (

G)
E
z[ ]dz =
 
[ 0]


[ ]
! D
[@h](z)f (

G)
E
z[ ]dz
=
*
f (

G) 
 
[ 0]


[ ]
!
[@h](z)z[ ]dz
+
= 0:
z[ ] B  ( 2 )
h
1
i
 
[ 0]


[ ]
!
[@h](z)z[ ]dz
=
X
2 int m [ 0]nint m [ ]
[@h](z) [@z[ ]]| {z }
= 0
+
X
2 int [ 0]nint [ ]
[h](z)| {z }
= 0
z[ ]:
 G [ 1] [ + 1]
Z2 14
[ ] [ 1] [ + 1] 
a M a
L G = L (GFF

G)  2 M
(gG)GZ2
gG =
d

G
dGFF

G
2
\
1
L G;
G  G0
gG(jG) = E
h
gG0(jG0)
jG
i
;

G (gG)GZ2 gG 2
T
1 L G
2 M
Suppose that (AG)GZ2 ni te is a family of linear functionals
AG:
[
1
L G ! C
such that
 for any p > 1, the functional AG restr icted to L G is a bounded operator
 for all G  G0 and f 2 L G, the consistency AG0(f ) = AG(f ) holds.
Then there exists a unique change of measure operator A : M ! M such that for any
2 M and G and any f 2 L G, p > 1, we have
hf i = AG(f gG):
Proof. 2 M A
A2 M
G
f 7! AG(f gG)
L G p > 1 L
G 2
T
1 L G
AG(f gG) =

f G

:
f 2 L G G
0  G

f G0

=

f G

:
(G)GZ2
A (A)

G G
A G L G
p < 1 (A)

G 

G
A2 M  
For each n 2 Z, there exists a unique operator a : M ! M such
that for any 2 M and any x1; : : : ; x 2 Z2,
h(x1) (x )i n = ha (x1) (x )i :
The operator a is parity reversing. Moreover, for any n1; : : : ; n 2 Z, the composition
of operators a 1 a j : M ! M is characterized by the formulas
h(x1) (x )i n 1 n j =

a j a 1 (x1) (x )

;
for all  2 M and x1; : : : ; x 2 Z2, and we recall that the product of current modes
a j a 1 acting on insertions is taken radially ordered.
Proof. ((x)) 2 G L G f 7!
ha f i L G
a
a 1 a j 
a
G a 
gG  
The change of measure operators (a ); n 2 Z; form a representation of
the Heisenberg algebra:
[a ; a ] = m + 0 idM :
Proof. x1; : : : ; x Z2 [0]; [1]; [2]
[0] f x1; : : : ; x g [ B  (maxf 0;  2 ;  2 g) [1] [0]
[2] [1]
ha a (x1) (x )i  ha a (x1) (x )i
=
1


[ 2]

[ 1 ]
hJ (z)J (w)(x1) (x )i w[ ]z[ ]dwdz

1


[ 1]

[ 0]
hJ (w)J (z)(x1) (x )i z[ ]w[ ]dzdw:
w 2 Z2 14 [1]
h(x1) (x )i 
1


[ 1]

[ w ]
hJ (z)J (w)i z[ ]dz

w[ ]dw;
[ ] w w

[ w ]
hJ (z)J (w)i z[ ]dz =

[ w ]
[@K](z  w) z[ ]dz
= i
X
2 int [ w ]
[@@K](z  w) z[ ]
=  i
X
2 int m [ w ]
[@K](z  w) [@z[ ]]
=  i
m
2
w[ 1];
[@z[ ]] = 0 [ ]
@ [1]

[ 1]

[ w ]
hJ (z)J (w)i z[ ]dz

w[ ]dw =
im
2

[ 1]
w[ 1]w[ ]dw = m + 0:
 2 M G  Z2
(a a  a a ) P
((x)) 2 G
D
(a a  a a )P(

G)
E
= m0 +
D
P(

G)
E
:
P
[a ; a ]  = m0 + ;

a J (z)z[ ]dz J (z) := [@](z)
For each k 2 Z, there exists a unique operator a : M ! M , with
a S  A and a A  S such that for any  2 M and any (not necessari ly distinct)
x1; : : : ; x 2 Z2 we have
h(x1) (x )i k = h(x1) (x )i k :
Moreover, the change of measure operators (a ) 2 Z form a representation of the Heisen-
berg algebra:
[a ; a ] = m + 0 idM
and they commute with the discrete analytic current modes
[a ; a ] = 0:
Proof. a
a

J (z) J (w)(x1) : : : (x )


J (z) J (w)

= [@K](w  z) z 0  
n 2 Z
L :=
1
2
X
> 0
a  a +
1
2
X
6 1
a a 
L :=
1
2
X
> 0
a  a +
1
2
X
6 1
a a 
G  Z2
M G = 1 + 2  maxf kzk1 : z 2 Gg:
x1; : : : ; x 2 G ha (x1) (x )i j > M G
a
z[ ] B  ( 12 )
f 2 L G L
D
L f (

G)
E
=
1
2
GX
= 0
D
a  a f (

G)
E
+
1
2
1X
=  G
D
a a  f (

G)
E
;
L
LFor each n 2 Z, there exists unique operators L and L on M such
that for any 2 M and any x1; : : : ; x 2 Z2
h(x1) (x )i n = hL (x1) (x )i
h(x1) (x )i n =
L (x1) (x )

:
The operators L ; L are parity preserving.
Proof. n 2 Z L L
L G p > 1
G n 2 Z
L : M ! M
L : M ! M

a
a
L
L =
1
2
X
> 0
a a + +
1
2
X
6 1
a + a =
1
2
X
6 1
a a  +
1
2
X
> 0
a  a ;
L
L
The two families of change of measure operators ( L ); (L ); n 2 Z; yield
commuting representations of the Virasoro algebra of central charge c = 1:
[L ; L ] = (m  n)L + +
1
12
(m3  m) + 0Id;
[L ; L ] = (m  n) L + +
1
12
(m3  m) + 0Id;
[L ; L ] = 0:
We have [L ; a ] = ma + , [L ; a ] = ma + , and [L ; a ] = 0 = [L ; a ].
Proof. [L ; L ] = 0 m; n 2
Z (L ) (L )
( L ) a
[A; B C] = [A; B ]C + B [A; C]
2[L ; a ] =
X
> 0
([a  ; a ]a + a  [a ; a ]) +
X
6 1
([a ; a ]a  + a [a  ; a ])
=  2na + ;
P ((x)) 2 G
2[L ; L ] =
X
> 0
[L ; a  a ] +
X
6 1
[L ; a a  ]
=
X
> 0
((n  j )a +  a  j a  a + )
+
X
6 1
((n  j )a a +   j a + a  )
=
X
> 0
(m  n + j  m)a +  a 
X
>
(j  m)a +  a
+
X
6 1
(m  n + j  m)a a +  
X
6 1
(j  m)a a +  :
[L ; L ] =
1
2
X
> 0
(m  n)a +  a +
1
2
X
6 1
(m  n)a a +  + R
= (m  n)L + + R ;
R :=
8
><
>:
1
2
P 1
= 0 (m  j )(a a +   a +  a ) m > 0
0 m = 0
1
2
P 1
= (j  m)(a a +   a +  a ) m < 0:
R = 112(m
3  m) + 0 m > 1
R =
1
2
1X
= 0
(m  j )(a a +   a +  a )
=
1
2
1X
= 0
(m  j )j  + 0
=
1
12
(m3  m) + 0;
m 6 1
L a 
a L a L  L a
L L  L L
L L  L L 
L
b 2 R
L := L + b(n + 1)a ; L := L + b(n + 1)a ;
c =
1  12b2 b 6= 0
L c = 1
For c 6 1 and n 2 Z, if we dene the change of measure operators
L ; L : M ! M by with b = 
q
1
12 , we have that

L

2 Z and
L

2 Z yield
two commuting representations of the Virasoro algebra with central charge c, that is
[L ; L ] = 0,
[L ; L ] = (m  n)L + +
c
12
(m3  m) + 0 idM ;
and similarly for ( L ).
Proof. [L ; a ] = na + + bm + 0idM

H = Z N
@H = Z  f 0g
H GH(z; w)
w 2 H [GH](; w) = 
GH(z; w) = 0 z 2 @H
(H(z)) 2 H
E
h
H(z)H(w)
i
= GH(z; w):
GH(z; w) = a(z w)  a(z w) H
 = ((z)) 2 Z2
Z2
H(z) =
1p
2

(z)  (z)

J H(z) = [@H](z)
H
z 2 Z2
D
J H(z)H(x)
E
= K(z  x)  K(z  x)
x 2 Z2 z =2 f x; xg
D
aHf (H

G)
E
:=
1p


[ ]
D
J H(z)f (H

G)g(
H
G)
E
z[ ] dz
[] g = gG
(H(z)) 2 H
z[ ] = z[ ] J H(z) =  J H(z)
D
J H(z)J H(w)
E
= [@K](w  z)   
aH aH  aHaH = m + 0 id
(aH) 2 Z
(L H) 2 Z
Let M H be the vector space of complex Gibbs measures that are changes
of measure of law of the discrete GFF in H, and whose Radon-Nikodym derivatives with
respect to it are in L for all p < 1 .
There exists a family of change of measure operators (aH) 2 Z on M H that are parity
reversing and that satisfy the Heisenberg algebra commutation relations and a family of
change of measure operators (L H) 2 Z on M H that are parity preserving and that satisfy
the Virasoro algebra commutation relations with central charge c = 1 and such that
[L ; a ] = ma + .
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